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ABSTRACT .

A basic input-ocutput model of sector output capacity growth
is proposed, having a solution through backward recursion
from known capacities of a terminal year T. A non-singular
square matrix is found, linking capacity expansion Axp-q1 with
known capacity differences derived from years T and (T-1).
This matrix might be termed the "Capacity Inverse”, for its
resemblance to the Leontief Inverse of the open static madel.
Detailed numerical illustration and verification are
provided, using Irish 12-sector data and “contrived"
structures for which the numerical answers are known, for
comparison with model solutions. Some economic
interpretations and conclusions are proposed.
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1. INTRODUCTION AND BACKGROUND

During i985-86 the author did .input-ocutput (10)
modelling work for the ihdustrial'Development Authority (IDA
Ireland) on economic proajections, exports, and so on, for the
Irish economy. The gquestion arose as to how output capacity
of various sectors could be deiermipeh‘consistentiy for some
or all years between a base-yeai st;ucture and a terminal
year for which a full economic structure had been projected
and finalised. The problem was thereforé expressed in terms
of sector output capacities. The paper which follows presents
and verifies numerically the ba;ic and rudimentary model
solution proposed by the author.

The model solves the problem by backward recursion from
termina} vear T, fully specified. Requirea data for each
intermediate year t are the At matrix, the By matrix, and
vtren which is final demand (or final output) not required
for capacity expansion. These symbols are described and
explained in Section 2 following. The model is, of 1its
nature, similar to Dynamic Input-Output models, but is a
rather basic and simple version of such models. There 1is
backward recursion only, without advertence to forward
recursion, in the model solution. The emphasis is on sector
output capacity, as distinct from output as such. The
solution found is very much a particular rather than a
general solution. Starting_from a definite and complete
structure for terminal year T, as first base, the model finds

8 consistent structure for year (T-1), and then for yeaf




(T-2), using that of year (T-1) as base, and so on backwards
to.any earlier year (T-k).

The author is aware of a large and growing literature on

dynamic 10 modelling. Four seiected publications of the

period 1876-1988 give some indication of the scopé and
sophistication of the work being done. The Miller and Blair

(1985) textbook devotes part of Chapter 9 ta dynamic

modelling, including problems of instability . of solutions in

forward recursion, with numerical illustration. Livesey
(1976) finds a solutién of the dynamic Leontief 10 model for
matrix B having rows of zero elements, by partitioning and
transforming the B-matrix. The Lecntief and Duchin (1984)
report has a very informative Chapter 2 on the history of the
dynamic I0 model and various probleﬁs'with solutions, as well
as a methodology of multi~period capital gestation and of
allowance for unused capacity, in forward recursion. Szyld

(1988) considers the existence of positive solutions to the

dynamic 10 model when moving forward in time, depending on

the initial structure lying on the so-called "balanced growth-

path".

In the face of so much work, the reader may reasonably
ask what the author has to offer, by way of a useful model or
application? Two features of the model proposed below may be
novel -~ the author has not seen them in the mainstream

literature, as published.

The first feature is the manipulation of the capacity

growth formula, whereby capacity expansion Axp.1 can be




expressed by application of a robust matrix inverse to a
known capacity difference, namely output capacity xp of
vear T, less required capacity x?ii of year (T-1) to provide
outputs other than those for capacity expansion. The ountput
capacity xp is postulated, as the start of backward recursion
through year (T-1), year (T-2), and so an.

The second feature is the "Capacity Inverse" solution to
the per~unit capacity expansion, an interesting parallel tao
the Leontief Inverse solution to the per-unit final demand
growth of output in the open static model. The term "Capacity
Inverse" 1is proposed by the author as a description-of the
square matrix showing main characteristics of the usual
(I-A)-1 Leontief Inverse. The‘detailed numerical illustration
is intended to enable readers to vérify results for
themselves. The wider implications of the "Capacity Inverse"
have not been discussed, to avoid undue length.

The following parts of the paper address major aspects.
Section 2 gives algebraic formulation of the model, with
description of symbols, and solution for xp-yi, given xrp.
Section 3 provides a numerical illustration of how the model
works, using as core a 12-sector 1982 Irish transactions
table. Section 4 qffers economic interpretation and
conclusions, one conclusion being that the model as proposed

is not usable for forward recursion.

2. THE MODEL, WITH SOLUTION BY BACKWARD RECURSION
We assume a capacity growth period covering years 1 to

T. vear T being the terminal year. A year @, before the




beginning of the growth period, will also have relevance in

the discussion of Section 4 below. We may assume valuation at

approximate basic values, and at constant prices of some year

(say 1988). The basic equation of the Mcodel for typical year

t,

Xt

Axy

at constant prices, is —

non '
Xt = Agxg + Bt Axg + yr : (2.1)

The variables and symbols qré as&}ollows:

is the vector of sector gross output capacities of n
sectors, during year t.

is the inter~industry direct inpug coefficient matrix,
which might include household income rows and household
expenditure columns, of dimension (n, n).

is the matrix of capital flow coefficients of year t,
also of dimension (n, n),.typically ihcluding rows of
zéro coefficients. The By investment is towards
capacity expansion for year (t+1), not for year t. For
capital projects over several years (such as elecﬁric
power stations), Bty includes those parts (per unit
output) completed in year t to permit capacity
expansion in year (t+1). Parts constructed in earlier

non non non

years are included in yt-1, Yt-2, Vt-3, and so on, in
proportion to the value of ByAx¢y when the latter
becomes known.

is the growth of sector annual output capacity
(xt+1 - xt), between year t and year (t+1), of
dimension n. At constant prices, xt, Xt+i, Axt denoate

required capacity or capacity expansion. Unless




otherwise indicated, the system is assumed to work at
maximum efficiency of capacity utilisﬁtion, meaning
that capacity equals output in year t, and is measured
by output xt at constant prices.
non

vt is ""exogenocus" final demand, excluding capital
formation in.year t to permit capacity expansion Axg
for year (t+1), but including prior investment such as
electric power stations during -years before their yeaf
of completion. Thus y?oﬁncludes some gross fixed
capital forﬁation, as well ‘as exports of goods and
services, Government current expenditure, inventory
changes, and perhaps some 6r all of housebhold
expenditure on consumers’ goods and services. It can
also include replacement igvestment, to counteract
scrapping of fixed assets.

All of x, Ax, vy, A, B, comprise domestic flows anly, for

imports excluded. Equation (2.1) says that domestic output xt

supplies inter-industry inputs AXt, also supplies "exogenous"”

final output y?on , as well as supplying gross fixed capital

formation'BAxt to permit capacity expansion Axty for year

(t+1), available at the end of year t. And Equation (2.1) is

to be interpreted as output capacity, as well as output as

such, for full capacity utilisation.

Solution of the System by Backward Recursion
A complete solution will now be outlined, to comprise
solving terminal year T first, then solving year (T-1), and

so on, back to year 1. For each year, a satisfactory solution




of the Equation (2.1) system is regquired.

To solve year T, some feasible or typical growths of
sector output capacities might be assumed for year (T+1),
such as 1 per cent for agriculture, 16 per cent for

engineering. Thus, we may express Axp in terms of xp as

Axp = Apxyp (2.2)
1 being a diagonal matrix of dimension (ﬂ, n) having zero
entries except for the diagonal. These diagonal locatiaons or
elemenfs might have the typical growth rates mentioned, such
as 0.01 for Agriculture sector (1) in diagonal location
(1,1), 6.19 in Engineering sector (18) diagonal location
(lb,lﬂ), and so on. For no expansion of capacity permitted,
KT would be zero everywhere. .

In terms of year T and growth rates &T,.Equation (2.1)

becomes

) -~ non
(I-Ap - BpAp)xr = y7 : (2.3)

The solution, in typical "Leontief-Inverse" form is

A non -
xp = (I-Ap - Bpip)-lyp (2.4)

where 1 is the unit matrix of dimension (n,n). To solve
for year (T-1), an algebraic ruse is required. We first look

at basic Equation (2.1) for year (T-1):
' non
XT-1 = ATP-3 XT-1 + Bp.j AxT-31 + y7-3 (2.5)
The algebraic manipulation has two components:
(a) Express Axp-3j, as RT~1XG. thus free of x7 and xp-1, for
iT-l elements unknown but xg known.

(b) Replace the left-hand-side (LHS) of (2.8) below, XT-1 by

xp - AXT-1 (= Xp - Xp + X7-7 = XT-1), thus the LHS of



(2.8) below becomes xp - RT—ng.

‘Making these substitutions leads to

A ) non
XT-1 = Ap-1XT-1 + BT-3 Ap-1 Xg * yT-1 (2.6)
~ non
(I-Ar-1)Xr~1 = BT-1 AT-1 Xg * ¥T-1 (2.7)
~ non N
xr-1 = (I-Ar-1)~1 (Br-1 Ar-1 Xg % ¥yT-1 ) (2.8)
Now we modify the LHS of (2.8):
A " - non
xp = Ap-1xg = (I-Ap~1)}~1Bp-qA7-1Xg + (I-Ap-.3)~1lyp_j (2.9)
1
This, rearranged, gives
non ~
xp - (I-Ap-1)~1yr-1 = [I + (I'ATwls_lBT—lj Ar-1xg (2.18)

with all the LHS known. :

Thus Ap-1Xg = [I + [I—AT_l)‘j’qBif_-,a-l (LHS of (2.101))' (2.11)

It follows that

XT-1 = XT - AT-1Xg , (2.12)

The LHS of (2.11) is, of course, Axp-3. This needs. to be
subtracted from xp, to give x7p-1, per Eguation (2.12). The
first term of the right-hand-~side (RHS)'of (2.11) is likely
to have an inverse, because of I forming the diagonal, apart
from generally small entries elsewhere. The numerical
illustration below shows that no problems of inversion need
occur. The form of the first terms on.the RHS of (2.18) and
(2.11) will be considered in Section 4. below.

By further-recursion, one can move back to year (T-2),
and so on. There is no coniigion of constant technology
imposed on the A and B matrices, which may change from year
to year, if required to. Once Axm-1 is known, the prioi

investment entries for power stations, etc., can be entered




19

* non non
in yr-2, yr-3, and so on.

The solutions thus obtained for xp and xp-.i1 have a clear
meaning, provided that sector outputs generally increase from
year (T-1) to yeﬁr T to year (T+1). The capacity expansion by
way of bAxpm.7 and BAxg has then an unambiguous meaning. But

if any elements of, say, Axp-.3 are negative, then the

solution Transactions Table structure includes negative GFCF

columns, which imply full rédistribution of spare capacity so
that no idle capacity‘occurs. One solution of this difficultj
is to replace such negative elements of BAxpm-.1 by zero,
meaning we carry excess capacity into year T. The revised
transactions table for year (T-1) has corresponding zero GFCF
columns, to give a revised and laréer value of vector xp.i.
But this means revised and smaller Axp-.j3, for xp7 constant;
thus some iteration is required before a final Transactions
structure for year iT—l) emerges. This aspect is illustrated
‘below in the numerical examples; which provide numerical
verification of the model for Axt al} positive, and for Axt
having both positive and negative elements.
3. NUMERICAL ILLUSTRATION OF THE MODEL, USING IRISH i982
.12-SECTOR DATA ’
Numerical testing and verification of the Model of
Section 2 are now described, in what follows. The core of the
data base comprises a 12-sector 1982 Irish input-output (10)
structure derived from Table 5.6 of Henry (1986). From
contrived total final demands for 1981 and 1983,‘at41982

approximate basic values, sector outputs for 1981 and 1983
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are derived by means of the 1982 Leontief Inverse (I-Agp)-1.
These total final demands are contrived so as'to give Axgq
having positive and negatfve.elements, whereas Axgs has
positive elements only. e

We therefore know the answers in advance. We know xgi1,
xg2, Xg3, so we have Axgy and Axgz. By means of a B-matrix
applied to Axgi and Axgs we can get the aggregate gross fixed
capital formation (GFCF) part of final demand required for
capacity expansion. This aggregate GFCF for 1981 is the net
result of positive and negative capacity expansion,.through
positive and negative Axgj elements, respectively. For 1982,
all capacity expansion is pqsitive, since all elements of
Axgs are positive. The non-capacity finai demand shares y??
and fg?'comprise total final demand less (net) aggregate GFCF
for capacity expansion.

From this available information, we ask the model ta
estimate Axgi and Axgp, so that we may compare them with the
actual values. The full data set is shown, as Tables 1 to 8,
to enable readers to verify results on their own compu£ers,
if they wish. In view of so much tabular material on display,
a minimum of verbal’description is regquired. The following
discussion first looks‘at the build~up towards the Ax
estimates, covering Tables 1-7; then the Ax estimates

themselves are considered as appearing in Table 8.

Data Preparations (Tables 1 to 7)

Table‘l shows Irish 1982 12-sector transactions, at 1982

approximate basic values. Domestic flows (excluding' all




.

Table §: Irish 1982 1Z-8ector Transactions at Approximate Basic Values,fmillion, current

7l

ot

<

Sectors Energy  Agriculture Food  Clothing,  Wood, Chesicals ch- Engineering Construction Transport: Commerce  Public + Total Total  Total
forestry drink - foolwear, paper, relailic prafessional  Inter Final  Output
" tishing tobacco  testiles-  Misc. zingrals +
’ ’ Manufact. - miping
(1 {2) (3} {4) (5 ity (7) {8} {7 {16} {11} {12}
Energy (1)  135.3 46.0 39.0 1.0 13.0 26.0 32.9 31.0 13.0 1.0 42.3 34,7 451.5 467.0 918.5
hg, for, fish, {2) 4.0 {,404.2 2.1 1.1 0.9  1,432.3 7127 2,205.0
Food, drink, tob., ({3} 2579 824.0 28.2 ’ - 9.8 8.2 L,urnz 3,028 5,350
Cloth., footw. test {4) 3.2 ¥ 23,9 . 59831 £65,0
¥oed, paper, sisc., {3 92.1 2%.0 10.9 9.1 14,1 743.9 837.0
Chesicals {6) 58.0 3.6 2.5 ’ 56.8 43.3 2.8 2.2 169.2 283.8  1,138.0
Nori-aetallic : . -
;. sinerals + sining " {7) 2.0 . - ) 98.4 332.9 1.1 0.9 4425 239.5 682,0
- Enginzering {8 -2.0 1.0 5.7 2.3 9.2 5.9 128.9 116.0 0.0 12.6 10.4 393.6  2,327.4 1,721.0
Construction (9 7.0 RYA R 4.0 37.1 17.0 10.9 9.1 382.1 1,581.9  Z,3E4.0
Transport (10} 44.0 . . 10%.0 13.3 3.7 170,07 482.0 B32.0
Coamerce (i1) 4.6, 292.3 88.0 39.4 21.5 47.6 8.1 175.1 135.6 2.7 1 25.4 9.7 903.0  2,%28.0 3,E3L.0
Fublic + Frof, 12 0.4 33.7 10.0 4.6 2.3 5.4 6.7 15.9 15.4 3 2.1 1.8 103. 2,292.0  2,395.0
TOTAL INTER 169.5 805.0 2,445.8 114.6 134.2 145.0 2081 398.2 1,055, 81.0 132.3 90.7  5,789.4 14,952.1 22,7415
TATAL INPUT 918.5 2,205.0 4,139.0 609,90 837.0 8.0 682,90 2,393.0 22,741

Source: Table 5.5 of Henry {(i1986).
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2: Leontief Inverse (I-Ae2)~% derived fros Table 1 12-Sector Structure
Energy  Agric- Food  Cloth- Wood  Ches- Non-  Engin- Constr-  Trans-  LComm- Fublic
Sectors ulture ing icals Metall. eering uction  port ErCe
{1) {2) {3) {4) (%) (6) 7 (8) (9) {10) {11 (12)
_Energy (1) 1.20812  .03260 .02912 ,02536 .02028 .02925 .06799 .01596 .02010 ,01734 .01375 .01793
fgric. (Z) .00001 1.04450 ,47023 .02276 .00288 .00008 .0001% Q0012 .00020 ,00002 00153 .50203
Food (3} .00003 14943 1.31448 04356 .00056 .00017 ,00042 .00027 .00036  .00004 00344 .00453
Clothing  (4) 0. 0. 0. 1,03960 . 00092 ¢. 0. - 0. 00001 0. 0. 0.
Hood {5) 00017 .00058 00044 .0002B 1.11597 ,00017 .00051 .00026 .01618  .00036  .00325 .00432
Chemicals (o) .00006 .0301% .01451 00543 00016 1.05177 .00028 .01764 ,00117  .00109  .00089 .00112
Hon-metall. (7) 00176  .0054% 00345 .00027 .00007 .00009 1.17033. .00010 .15067 .00393  .00093 .00122
Engineering (8) .00338 .02830 .01301 .01126 00330 .00905 .O1101 1,05023 .06511 .06450  .00399 .00506
Lonstr, (9} .01065  .0021Z 00711 .00082 .0002% .00043 .00895 .00041 1.15799  .02384  .00355 .00464
Transport (10} .00052 02188 .01005 .0007& 00017 00018 .00081 ,00027 .05372 1.00113 00369 .00187
Commerce  (11) .00708 14927 .0932% .07330 .02805 .04433 .10725 .04894 .08908 .00933 1.00770 .00540
Public {12} ,00064 01717 .01068 .00853 .00325 ,00502 .01209 .00782 .0100%9  .00105 .00447 1.00090
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Table 3: Sector Outputs x and Changes A u
fmillion at 1982 prices

_ 1981 1982 1983 Axgy= Ay go=
Sectors Mai ez Yax Hez"Heai Hax—Hez
(1) (2) {3) {4) (3)

Energy (1) 217.214 218.5 F3%.827 1.286 15.32

Agriculture (2} &,081.084  2,205.0 2,328.982 123,916 127,983
Food (3  3,877.807 4,139.0 4,400,344 261.19% 261,346
Clathing {4 559.49% 609.0 658,508 49,508 49,508
Wood (5 859.507 887.0 914,643 27,473 27,6475
Chemicals (4 1,254,661 1,158.0 1,262,603 ~G4.661 104, 603
Non-Metall. (7) 701.8979 682.0 703,590 -15.899 21.590
Engineering (8) 2,923.087 2,721.0 2,931.015 - -202.057 210.015
Construction (%) 2,362.797 2,364.0 2,368,760 1.203 1.760
Transport (1) 829,443 832.0 B34.72% 2,535 2.72%
Commerce (11) Z,823.774  3,831.0 3,877.128 7.3226 46,128
Fublic 12y 2,394.140 2,395.0 2,400,269 . 860 9. 269
TOTAL 22,584.877  22,741.35 27,611,399 156,623 B&%7.855
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impofts) are shown, as well as total intermediate oﬁtput,
total final demand, and total oufput, same as totai input.
The total inter-industyy input shows very small shares of
total input for sectors (14) to'(12), a possible source of
"noise" in the system of twofoid matr}x inversion, far wh{ch
single precision was used, as parg of“the test.

Table 2 shows the Leontief Inverse (I-Agz)~1 derived
from Table 1 12~sector inter~industry transactions.

Table 3 shows sector outputs x for 1981, 1982 and 1983,
as well as derived Axgq and Axgga. We see.that sectors (6) to
(8) have negative elements in Axgy, whereas all the elements
of Axgaz are positive. The sectér outputs xgj and xgg were
obtained by post-multiplying Table 2 Leaontief Inverse by the
total final demands of 1981 and'1983, shown in Table 7
columns.(a) and (7), respectively. All outputs are to be
thought of as capacities.

Table 4 provides the data for the é—matrix and derived
GFCF of capacity expansion during 1981 and 1982. The four
domestic non-zero rows of the B-matrix occupy the upper
portion of the Table. The coefficients for imported capital
goods, per £ unit of sector output capacity, also appear,
although not used by the model. The B-matrix therefore has
eight zero rows. The basic data for the capital coefficients
appear in a Henry (1889) forthcoming study of Domestic Wealth
in Ireland. We see very large coefficients for Constructioq
row (9) capital input per unit of capacity output. This ro@

(9) might be spread over several years {(re. electric vower



Jable 4: B-Matrix and GFCF® Domestic for Capacity Expansion Ax81 and Ax82 » excluding Capital Boods Imported

{tea Energy Agriculture Food  Clothing  W®ocd  Cheaicals itan-¥etailic Engineering Construction Transport Coemerce Public  Positive Negative het
: Aggreg. fggreg.  maqreg.

Domestic  Domestic Domestic

GFCF for  GFCF for  GFCF for

Capacity Capacity Capatity

Change Change Change
(1) {2) {3) €)) {5) {6) ' {7} {8} (% {10 {11) (12) {13y - 14 {15)
B-Hatrix Non-Tero rows .
Engineering {8 3308 445 1624 . 3350 .28%2 232 113 1438 1ab7 5409 2702 . 3552
Construction {9} 2,4227 1.0774 2904 1223 ,4943 3172 6534 .2800 0641 1,605 1.1884  2.2013
Transport (16 0.0 L0367 Q113 0233 0200 L058d L0355 L0100 L0118 0.0 0.0 0228
Copuerce {11 0.0 - 0527 L0338 0498 0602 L0484 L1065 7 0299 . 0357 0.0 0.0 0.9
Izports 4901 L6674 J2436 5023 4338 , 3481 7863 ,2154 L2500 L8113 L4353 L5329
ToTAL Capital/Cutput 3.2495 2,313 JJAE 16527 1.2981 9619 2.0735 . 6789 Y1) .2.9578 1.913% 3.1122
Coefticient
bomestic GFCF for
Capacity Change AX81
Enginzering (8} - 425 55,143 42.18 16,585 7,951  -22.435 -10.174 . =29.015 .201 1.382 2.097 L3053 126,507 -b1.624 64,853
Construction (9} 3.116 133,532 75.850 35,760 1S.80%F  -30.841 -13.002 -56,576 077 4,102 8.587  1.893 274,521 -100.239 175,282
Transpart (10} 0.0 3.82% 2.951 1.154 553 -1.536 - 706 -2.021 014 0.0 0.0 - .020 8.521 -4,283 4.23
Cosaerce {11 0.0 11,487 8,828 3.456 1,455 -4.478 2.1 -5.042 042 3.0 ¢.0 0.0 © 25.468 -12.83¢  12.62
Total Doaestic GFCF 3.541 203,991 130,047 56,555  23.763  -59.330 -26.004 -93.654 334 5,484 10,434 © 2218 43017 -176.985 256,032
3 Ax81 itsels 1,284 123,914 261,193 49.508  27.493  -9b.bb1 -19.899 ~202.057 1.203 2,555 7.224 860
:,v.‘ Dosestic BFCF for Capacity )
< thange DX ¢A
Enginzering {8) 5.070 55,172 42,843 16,585 7.954 24,278 11,039 30,158 273 1.473 13.386 1,872 209.763 209,763
-~ Censtruction (9} 37.133 133,604 75.69% 35,780 13.478 33.180 14,107 58.804 U3 4,372 54,819 11,597 473.044 473,654
hd Trensgort {10} 0.0 3.83¢ 2,953 1,154 .53h 1,684 LT 2,106 020 0.0 0.0 126 13.184 13,134
Comuerce {11 0.0 11.493 8,833 3,456 1,664 5.063 2,299 6,277 061 4.0 0.0 0.0 39.148 “39.148
ﬂ'% Total Doaestic BFCF 42,203 204,100 130.124 56,955  23.892 B4, 205 - 28.211 77.341 .487 5.843 68,205  13.591 735159 Nil 735.159
1{.;. Ax'82 itself 15.327 123,983 261,346 42,508 27,443 1040603 21,590 210,015 1.760 2.7 46.128 5.269
o’ .
1 # GFCF is Gross Fixad Capital Formation
p
e
-

71
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'

Table 5: the [I+(I1-fe2)~1Bsz] Matrix, referred to in the text as the (I-C)-! Capacity Inverse

. Energy fgric- Food Clothing Wood Chem~  Non- Engin-  Constr-  Trans- Coms- FPublic
Sectors ulture icals  Metall. eering wction port  erce .
(1) {2) {3 4 (5 {8) {7 (8) (9) {10) (11} (12)
Energy (1) 1.03356  .03037 .00%09 .02123 .01574 01102 .02337 .00BS0 .00463 .04050 .02852 05031
Agricult. (2) 00051 1.00041 .00013 .0002% .00022 .00016 .00035 .00012  ,00009 .00038 .00027 .00047
Food {3} 00095 .000BZ 1.00026 .00059 .00046 .00034  .00074  .00024  .00019 00072 ,0005¢ 00088
Clothing (&) .00003  ,00002 Q. £.00001  ,00001 0. 00001 0, 0. 00002 00002 L 60603
Hood (5) 03928 01786 .00485 .01201 1.00828 .00535 .01106 .00467  .00120 ,02611 .01930 .03571
Chemicaly {6) .00868 .00923 .00325 .006B4  .00S76 1.00453 .00992 .00290 ,00306 .01143 .00651 .00837
Non-fetall. (7) 46195 ,20571 05546 13791 .09450 06041 1.12487 .05347 ,01232 .30618 .22661 .41983
Engin. A8) 00516 .G3968 19033 L40064 .33748 26564 .56224 1.14981 L1B013 47261 .38215 L5178
Constr, (9) 2.80560 1.28910 ,33674 .B3736 .57379 .36780 79807  .32464 1.07470 1.85949 1.37428 7.54978
Transport (10) 13024 08929 .02708 ,06248 ,04701 03340 .O7{18 .02520 .01523 1.0G640 .04397 .14113
Cosmerce (11) 2386l 22037 .07123 15799 .12486 .09318 .20110 .046506 .05228 .1BO31 1.1258b 22075
Public ~ (12) .02703 .01445 .00423 .00998 .00732 00506 .01070 .00398  .00199  .02043 .01424 1.02501
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Table &: the [1+(I-Ra2)~'Bap)~1 Hatrix, referred to in the text as the (I-0) Capécity Hatriz

Energy Agric- Food Clothing Wood Ches~  Non-  Engin- Constr- Trams- Coms-  Fublic
Sectors ulture icals Metall. eering uction port erce
1) {2} {31 {4) (5) {&) {7} {8) (9) {10) {11 {12

Energy {1y .96926 -.01595 -.00485 -.01099 -.00802 -.00553 -.01166 -.00438 -.00210 -.02341 -.01425 -.07829
Agricult., (2} -,00016 .59979 -.00007 -.00014 -,00013 -.00010 -.00021 -,00007 -.00006 -.00012 -.00009 -.060015

Food (3} -.00021 -.00043  .99985 -.00032 -.00026 ~.00021 -.00045 -,00013 -.00014 ~-.00018 -.00012 -.00070
Clothing (4) -.00024 -.00001 O, {.0 0, 0, 0. 0. 0. -.00002 -,00001 -,00002
Wood {3) -.02921 -.01020 -.00243 ~,00656 .99596 ~-.00223 -.00435 -,00244 .00046% -,01808 -.01387 -.0259¢

- Chemicals {6)  .00237* -.00346 ~.00166 -.00304 -.00303 99731 -.00606 -.00140 -.00245 -.00341 ~.00090 .00133*
Non-tletall. (7} -.34%05 -.11789 -,02752 -.07533 -.04544 -.02457 ,95270 -,02783 .00704* -,21556 -.146455 -.30942
Engin. (8)  13430* -, 21256 -.09719 -.01770 -.17735 -.15758 -, 35578 ,1849 -.14441 -.21348 -,05716 ,(8220%
Canstr, (9) -2.12023 -.7158% -.16706 -.45742 -.27705 -.14913 -.26704 -.16896 1.04282 -1,30934 -1.00133 -1,67950
Transport (10) -.06144 ~,04926 -.01513 -.03444 -,02631 -.01B85 -,04030 -.01404 -,00902 .96518 -,02779 -.07479
_ Commerce (1) -.03681 -.1148% -.04072 ~-.08549 -.07227 -.05717 -.12531 -.03629 -.03913 -.03321  .97844  -.03429
Public (2} -.01643 -.00755 -.00213 -.00314 -.00365 -.00244 -.00509 -,00202 -,00074 -.01239 ~-.00866  .98509

* There are & positive entries among the 132 “expected® negative entries.
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station construction, and so on), but is all loaded inta the
one year, as a test of the stability of the structure, ﬁnder
mﬁtrix inversion. The same B-matrix is used for 1981 and 1982
capacity expansion. Small shares of GFCF, such as furniture,
etc., have been ignored, with coefficients canfined to
construction, engineering goods, and trade and transport
margins on the latter.

The middle séctfon of Table 4 shows GFCF results of
applying B-matrix ceefficients to Axgy. Cumulated positive
and negative results appear in columns (13) to (15), the net
aggregate being in column (15), some £258m. of GFCF, the
ﬁajor share of which comprises £176m. of Construction ocutput
sector (9). The lower section of Table 4 shows corresponding
GFCF results for Axgp, all positive, and aggregating to about
£735m. of which £4f3m. is Construction output. Deduction of
these GFCF amounts from Total Finél Demand provides yngand
;;?, as shown in Table 7.

Table 5 shows the 12-sector [I + I-Agp)-1Bgp] matrix
derived from Tables 2 and 4 above, with addition of the unit
matrix I. The Table 5 matrix shows all positive entries, with
near-unit values in the diagonal. Some rather large entries
appear in the Construction row (9), but otherwise most
off-diagonal entries are smaller than unity. Because of its
similarity to the Leontief Inverse (I-A)-1 structure, ihis
writer‘tentatively suggests the description "(I-C)~-1 Capacity
Inverse”, to be commented on in Section 4 below. The Table 5

matrix is used for 1981 and 1982 calculations, as a constant
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structure.

Table 6 shows the inverse of Table 5. The Table 6 matrix
shows near-unity positive values on the diagonal, with
off-diagonal values generally negative and less than unity.
Some large negative éntries appear in Construction row (8).
Six off~-diagonal positive entries occur, and are marked by an
asterisk (*). This Table 6 matrix bears a strong resemblance
of form to the Leontief (I-A), so this writer tentatively
suggests the description ¥ (I-C) Capacity Matrix”", the
counterpart of the suggested inverse form of Table 5.

In Table 7 there is shown the breakdown of 1881 and 1982
final demands between GFCF - for capacity expansion and ynon,
Thé GFCF referred to has appeared already in Table 4, with
éomment given above. The det;i]ed breakdown of total final
demand of 1981 and 1882 occupies columns (1) to (6) of
Table 7. Qolumn (7) shows 1983 total final demand, for which
no breakdown is required by the modelling exercise. Columns
(8) and (9) of Table 7 show partial sector outputs of 1981
and of 1982, respectively, obtained by postmultiplying
(I1-A)-1.by ymen for both years. These partial outputs are

required by the LHS of Equation (2-~18) above.

The AX Estimates Compared with Actuals (Table 8)

The final preparatory data need to be considered first,
These occupy columns (1) and (4) of Table 8, and carrespond
to the LHS of Eqguation (2.18) above. They comprise the sectar
cutput values of Table 3 columns (2) and (3), less values af

Table 7 columns (8) and (9), respectively, to give one LHS of



21

3

Table 7: Final Demands, and (I-A)"ynon,‘{of 1981, 1982 and 1983
£ million at 1982 prices
e Final Demands > Partial Sector
. Qutputs
¢ 1981 Y| & 1982 > 1983 1981 1982
Sectors yreng,  Het TOTAL  [Yremg,  Net TOTAL | TOTAL
Aggreg.  FINAL Augreg. FINAL FINAL {(I-Rgs)=1ynong, (I-fgq)=tyneng,
bomestic Domestic
GFCF for BFCF for
Capacity Capacity
. Change (1)+(2} Change {4} +(5)
{1} {2) (3) {4) {3) by | {8) (9)
Energy (] 467,90 467.0 | 467.0 467.0 | 467.0 912,388 904,878
fgricult, {2)] 482.4 682.6 | 712.7 “T12.7 | 742.8 - 2,081,022 2,204,822
Food {33} 2,828.8 2,828.8 {3,02(,8 3,021.8 [3,214.8 3,877,683 4,138,640
Clothing  (4)] 5375 937.5 | 585.1 985.1 | 432.7 559.490 608,993
Hood {5} 721.3 721.3 1 745.9 745.9 | 770.5 856,597 879,141
Chemicals ()] 1,081,2 1,081.2 ] 988.8 988.8 |1,081.2 1,253.2%3 1,153.496
Non-Hetall., (7)] 257.2 237.2 | 239.3 239.5 | 257.2 668,253 391,695
Engineering (8)f 2,457,717 44.883 2,522.6 | 2,117,637 209,763 2,327.4 12,522.6 2,843,114 2,468.8%4
Constr, (9)1 1,805,618 176,282 1,981.9 | 1,508,836 473,064 1,981.9 [1,981.9 2,158,491 1,815,657
Transport (10} 657.762 4,238 462.0| A4B.B16 13.184  8662.0| 462.0 815, 667 793.185
Commerce  (11)] 2,915,371 12.629 2,926.0 |2,885.852 39.148 7,928.0 | 2,928.0 3,730,831 3,734,829
Public {1231 2,292.0 2,292.0] 2,292.0 2,292,011 2,292.0 2,391,842 2,388,547
TOTAL 16,704,068 258,032 16,962.1 116,216,941 735,159 16,952.1 17,5832.7 27,208,671 21,682,997
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Table 8: Madel Results for Axaey and Awgs compared with actual values, and Model iterative results for ugy, at 1982

prices,
£ nillion
¢ for Akg, 5| ¢ tor Aias > " Further g, resulis

iez Hodel Actual ias Hodel Actual ¥g1 i1 Xa1

less estimate  Axes less estimate A 2a2 original  froa atter
Sectors {I-fag)~tynongy  Axgy {I-Rg2) " ty"°ras Ay from net  positive 4

based on - based on GFCF plus GFCF plus  iter-
(1) . {4) ynone‘ ‘/"nnax ations

(1) {2} {3) {4) {5} (&) {7) (8} {9}
Energy {1} 6.112 1.284 1.286 28.94%9 15,327 15,327 917.214 920,461 920,010
fgriculture (2) 123.978 123.916 123,916 124,184 123,983 123,983 | 2,081.084 2,081,131 2,081.124
Food (3} 261317 261,193 261,193 261,704 261,346 261,704 3,877.8B07 3,877,903 3,877.6?S>
Clothing t4) 49,510 49,508 49.508 49,515 49,509 49,508 999.492 599.47 357,493
Hood (5 30,403 27.492 27,493 35,482 27,643 27,843 839,507 841,189 840,887
Chemicals {6} -25.293 -8, 660  -96.451 108,907 -104,603 104,403 | 1,254,641 1,255.881 {,2535.774
Non-Hatall, {7} 13.747 -19.899  -19.899 111,895 21,591 21,590 701,899 721,044 717.511
Engineering (8) |-122,114 -202.057 -202.057 462,121 210,013 210,015 2,923,057 2,994,425 2,988,333
Construction {9} 205,509 1.19% 1.203 96,103 1.764 1,760} 2,362,797 2,479.043 2,457,583
Transport {10} 16,333 2,597 2,555 41.53 2,723 2,723 B29.445  B39.091 838.120
Comperce {in 40,1467 - 7,228 1.726 142.299 46,126 446,128 3,B23.774 I,B49.92&6  3,B47.807
Public {12} J.138 859 . B0 11,722 5.269 3.269) 2,394,140 2,395.647 2,3953.422
TOTAL 532,829 136,622 136,623 1,928,358 - 869.897 B49.895|22,584,877 22,835,435 22,799.963
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(2.19) for 1981 and one LHS for 1982. We may notice that the
LHS ‘values of Table 8 column (1) ‘have two negative entries,
for sectors (6) and (8).

In accord with Equation (2.11) above, the LHS values of
columns (1) and (4) should be pré—multiplied by the Table 6
matrix, to give Ax estimates. These estimates appear in Table
8 columns (2) and (5), matched by Ax actual values of columns
(3) and (6), respectivély.

The Axgy results may be considered first. The estimates
in column (2) are very close to the actuals in column (3),
for all 12 sectors, including the three negative entries. The
Axgs outcome for 1982 is équally satisfactory, as shown by
comparing columns (5) and (6). Agreemeqt of the estimates
with the actuals is quite close, for all 12 sectors. It is
apparent, therefore, that the model developed in Section 2 is
operable, -and gives usable results. The numerical testing has
verified it. The results do not show any “néise"'occurring in
the sets of sclutions.

Columns (7) to (89) of Table 8 show further 1981 results,
related to the iterative solution given in column (9). Column
(7) repeats the 1981 sector ocutput capacity results already
shown in Table 3 column (1), resulting from final demands
y%?l plus net GFCF capacity-building. Column (8) shows larger
1981 yalues, resulting from yg?lplus gross posgitive GFCF
capacity-building, the latter GFCF aggregate £437.017m.
appearing in Table 4 column (13). This column (8) result

impliqs that capacity substitution between sectors is not
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allowed for 1982 versus 1981. For 1@81 outputs greater than
those of corresponding 1982 sectors, the 1981 excess capacity
is held idle during 1982. Thus, per Table 4 data, the 1981
GFCF of £437Tm, is required as gross positive
capacity-building, rather than Ehe net £258m. This larger
1981 GFCF effect explains 1981.outpu€lcapacities in Table 8
column (8) larger than those ;hoﬁn in column (7)), in
aggregate some £25@8m. larger.

The Iterative procedure now asks whéther any 19881-82
positive Axgy elements derived from column (8) are smaller
than those derived from column (7)? If.so, then 1981 GFCF
capacity-building should be reduced, and so on. In fact,.
there is little scope for iteragive manoeuvre, because eight
of the 12 column (8) values exceed those of 1982 -(Table 3
column (2)}), the four exceptions béing sectors (2), (3), (4)
and (5). After four iterations, the stable result emerges, as
given in Table 8 column (8). We see an aggregate £35m.
reduction of capacity, by comparison wigh the aggregate of
column (8), capacity being measured'by sector outputs at 1982

prices.

4. ECONOMIC INTERPRETATION AND CONCLUSIONS
Equation (2.1¢) is the key equation ta the solution for
XT7-1, given x7, in backward recursion. In the light of what
has been said in Sections 2 and 3 above, Equation (2.18) can
be reformulated for the general year t:
non .
Xt+1 - Xt = (I-C¢)~1Axg (4.1)

where
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Xt +1 is the capacity required at the beginning of year

(t+1), assumed given.

g?n is the direct plus indirect capacity required tao

satisfy y?on, and given by
AT = (1-Ag) -1 oy Pt (4.2)
as indicated in (2.19) abave.

(I-C¢)~—1 is fhe "Capacity Inverse"”, indicating the direcy
plus indirect capacity (increase) fequired per unit
increase ofAxt, for interpretation of (I-C¢)~1 as
an inverse.

Axt is the increase in capapity required to be

available at the beginning of year (t+1), and to be
made available by the GFCF aof year t devoted to
BAt. The solution Axy to the in;erse Equation
(2.11) may have négative elements, as illustrated
in tﬂe numerical examples.
Equation (4.2) is the Leontief Inverse traditional solution,
whereby yt yvields xt as required sector outputs, through the
Leontief Inverse (I-A¢)~1. Equation (4.1) may be interpreted
in parallel. A unit of any element j of Axt capacity
expansion reguires direct-plus-indirect capacity amaunts in
all.sectors, as indicated by column j of (I-C)~-1., The full
requirement for Axk is given by the LHS of (43?). This
capaéity requirement is the total capacity xt4+1 required for
year (t+l1), less the capacity Q?n required in year t to
satisfy y?on final demand other than capacity-building GFCF.

Equation (4.1) indicates that for Axty = @, so is the LHS,
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non

meaning Xt+1 = Xt , which makes sense.

'

Canclusions

(1)

(2)

Three tentative conclusions are offered:
In backward recursion startigg'with x7, the earliest set
of capacities x7 derived as part of the series may
differ considerably in structure froﬁ the xg of year 4,
not a part of the ;eries. For capacity and capital stock
fixed within sectors, rather than freely saleable or
rentable for all sectors, there may therefore be a
considerable discrepancy between the available xg and
the required xj. |
In backward recursion from xt4+1 given, to find x{y by Axg
and the inverse solution (2.11), we have seen that Axg
may have positive and negative capacit& elements. This
was mentioned at the end of Section 2 above. In the
iterative solution required for replacemenf of negative
elements of Axty by zero, the Model of Section 2 is not
needed. The iterations are performed at the Transactions
Taﬁle level, on répeated values of BAx{, for xt4+1 a
given constant vector, and all elements of Axy positive
or zero. Repeated applications of the system

xt = (1-At)=1 (yg  + BAxt) | (4.3)
can be made, for Axt tending towards a constant vector,
as it is re-estimated repeatedly as (xt+3 - Xt). This
process has been verified as operable, in the results

shown in Table 8 column (8).
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Forward Recursion may be considered very briefly.

n

Equation (4.1) sets the pictﬁre. Given Axt and x?o
x;+1 emergés as the solution.‘But, to know Axt, one must
know x¢t4+1 also. In this case, Equation (4.1) 1is
tautological. B )

One may ask how could‘ohe;really estimate x¢41

: non ;
without explicit reference to yt+1, which forms the core
of the Leontief Inverse approach to sector cutput (or
capacity) solutions? However, a forward approach through
a speculative Axt may be considered. Equation (4.3) will
give xt, which with Axt gives xt4+1, anyway, regardless
of Equation (4.1). But ghis latter xt+31 vector of
capacities has no explicit link with any required or
non :

actual xt41, leaving aside any capacity expansion in
year (t+1) itself. It may bé concluded that the Model
system described above does not enable forward recursion
to be made satisfactorily, mainly bgcause of no link-up

non
with x¢4+1.
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